Abstract: For a large class of space and time-dependent warped geometries we find the general solution of the 6-dimensional Einstein-Gauss-Bonnet equations in the presence of p-form matter fields. This is done under two conditions on the matter sector which we show impose the integrability of the full system. Solutions are classified and known black hole limits are found. It is shown that Lovelock gravity restricts drastically the possible horizon geometries and allowed matter sources. In fact, we show that if we allow only for solutions of asymptotically flat falloff behaviour, and no fine-tuning of coupling constants, then the only permissible black hole is that of Boulware-Deser with electromagnetic charge. The situation of 6 dimensional Lovelock gravity is therefore almost identical to 4 dimensional General Relativity. The gravitational horizon constraints lead us to find static solutions involving 3-form matter fields in anti de Sitter space which are also new to General Relativity along with other cosmological and black string type of solutions.
Introduction
Uniqueness theorems, such as Birkhoff's theorem are at the heart of physical applications in General Relativity (GR). This theorem establishes, for spherical symmetry and in the vacuum, the uniqueness of the Schwarzschild black hole which means that the gravitational field of a source of spherical symmetry is that of the Schwarzschild metric, be it a very extreme object as that of a black hole or a common star like the sun. This makes sense because the Schwarzschild radius of the sun is of the order of 3 km whereas its actual star radius could fit twice the distance inbetween the Earth and the moon. Thus solar system experiments where GR is put to the test rely on this unique metric field and GR succeds local gravity tests with flying colours [1] . Writting up Schwarzschild in isotropic coordinates and expanding the metric components gives with ease the leading Eddington parameters in the parametrised post-newtonnian (PPN) approximation of the theory. This unique situation is unlike other gravity theories like Brans-Dicke for example [2] , [3] , where black holes and stars do not have share the same gravitational field. This is due to the breakdown of Birkhoff's theorem and results in differing Eddington parameters with GR and thus leads to tension between experiment and theory [4] . This uniqueness property of GR is due to the presence of only spin-2 massless excitations and the absence of scalar excitations which would permit spherically symmetric breather mode fluctuations to be excited. The uniqueness of spin-2 excitations is closely related to another theorem of uniqueness in GR, Lovelock's theorem. This theorem states that in 4 dimensions the only metric theory action (of second order in the metric), endowed with a Levi-Civita connection and yielding second order field equations and Bianchi identities is GR with cosmological constant [5] . At the perturbative level the theorem results in the presence of only 2 spin-2 graviton fluctuations and in particular in the absence of the troublesome conformal mode which is not excited. No other such pure spin 2 theories are known with this property although the theorem does not completely rule out the possibility.
Lovelock's theorem in higher dimensions [5] , [6] gives the higher dimensional version of GR in 4 dimensions. In order to allow for the most general second order equations of motion specific Lovelock densities have to be added to the gravitational action, one for each 2 extra dimensions, hence the Gauss-Bonnet term for 5 or 6 dimensional spacetime (for a review see [7] , [8] , [9] ). Lovelock theory has found important implications in string theory [10] as the leading order quantum gravity correction [11] , [12] and also in the realm of braneworlds where its presence can provide richer GR phenomenology (see for example [13] , [14] , [15] ). A natural question arises: Since Lovelock theory seems closely related to Birkhoff's theorem in GR does this theorem also hold in higher dimensions? The answer is positive as was first shown by Wiltshire in the early 80's [16] . A minimal generalisation and the application to braneworld cosmology was later obtained [17] with the result generalised for Lovelock's theory in [18] . Several generalisations and methods were pursued [19] but let us step back and question the physical application of this theorem in higher dimensions. In 5 dimensional brane cosmology the theorem states that a distributional braneworld endowed with perfect fluid matter has a uniquely determined trajectory [20] . As such it is found that the solution involves a time dependent hypersurface which evolves in a static black hole background. Therefore, although one would expect at the appearence of an extra dimension, a novel degree of freedom to appear (the radion)-the theorem confirms the opposite. This timelike trajectory is exactly the Hubble expansion factor as is the situation for 4-dimensional General Relativity. This explains the presence of the modified FRW equations and the absence of the radion mode for braneworld cosmology. The background is again a higher dimensional static adS Schwarzschild black hole solution [20] (and the Boulware-Deser-Cai black hole [21] , [22] for the Lovelock version [17] ). In 6 dimensions the elliptic version 1 of this theorem yields the unique flat, de Sitter and anti de Sitter codimension-2 vacua of the theory [23] .
In higher dimensions Birkhoff's theorem can also be generalised with respect to the permitted horizon geometries. In fact, although in 4 dimensions the only 2-dimensional horizon sections are of maximal symmetry, in 6 dimensions and higher these spaces can be generic Einstein spaces. It was shown by Gibbons and Hartnoll [24] that any Einstein space is permissive as a horizon (with certain conditions on the curvature scales). For example one can have,
with f (ρ) = 1 − µ ρ an euclidean Schwarzschild metric as horizon or again
with a horizon simply flat toroidal geometry. In both metrics the black hole horizon is the same, V (r) = − Λ 10 r 2 − m r 3 . The black hole is not influenced by the geometry details of the horizon. Other examples of such metrics are black string metrics where we double Wick rotate (1.1) or simply add N flat dimensions to a 4 dimensional Schwarzschild metric (they are solutions of an elliptic rather than hyperbolic problem),
This large degeneracy although useful at first in producing multitude of solutions in differing contexts often hides inconsistency as was first shown by Gregory and Laflamme in their celebrated black string instability [25] (see also the general analysis in [24] for the hyperbolic problem). One may question the situation in Lovelock theory? Is this horizon degeneracy due to the absence of the additional terms in the action in more than 4 spacetime dimensions? This question was answered recently in two papers firstly establishing the spherically symmetric black hole solution [26] and then in [27] where the general solution (without assuming staticity) was found, the horizon structure was given and specific examples analysed. The most important result of this study is that the large degeneracy of permitted horizon metrics of higher dimensional general relativity is lifted once the full general action of Lovelock is taken into account. The novel black holes not only have horizons which are Einstein metrics but these, when different from the maximally symmetric solutions modify the black hole potential and the black hole asymptotics and impose a particular relation for the 4 dimensional Weyl tensor.
In the present paper we will ask the following question for 6 spacetime dimensions 2 : how does the presence of matter modify the known solutions of Lovelock theory? Based on the integrability conditions found in [27] and imposing them anew we will find the general solution involving scalar fields, a U (1) EM field or 3 forms (higher forms can be obtained by a common duality relation). Some of the solutions we will find will be novel even in the GR limit. These can be black holes involving 3-forms and scalar fields living on the black hole horizon geometry.
Our matter action will involve exact p-forms F as M F ∧⋆F for which there exists a potential A ∈ Λ p−1 (M) such that F = dA where Λ p (M) is the space of p forms of M. Given that we restrict our analysis to D = 6 dimensions, p = 1, 2, .., 6, p = 1 corresponds to a kinetic term for a scalar field played by the potential A and p = 2 is the usual electromagnetic interaction. p = 3 corresponds to self-dual 3-forms. The higher p-forms will be related to the lower order ones via a duality transformation (this includes the cosmological constant which will be included in the action).
In the next section we give our hypotheses and set up our field equations and a duality symmetry. We then give the 3 classes of solutions in a generic form, obtaining the relevant potentials and geometric conditions on the horizon sections. In section 4 we construct specific examples and finally we conclude.
General set-up
Consider the Lovelock action in six dimensional spacetime in the presence of an exact gravitating
where M (6) is the fundamental mass scale in six-dimensional spacetime, κ is the matter coupling constant,Ĝ the third Lovelock density which is usually dubbed Gauss-Bonnet term,
Uppercase indices refer to six-dimensional coordinates. With these conventions we vary the action with respect to the metric to derive the Lovelock field equations
and G AB the Einstein tensor. We have also introduced the Lanczos [28] or Lovelock tensor [29] 
which comes from variation ofĜ in (2.1). On the other hand, variation with respect to the potential A defined as F = dA gives δF = 0, ie
In order to proceed we are now going to choose an appropriate symmetry for the metric and the matter fields. We distinguish between the transverse 2-space, which carries a timelike coordinate t and a radial coordinate r, and the internal 4-dimensional space sections which we call H, representing, for example, the horizon geometry in the case of six-dimensional black holes. We will assume that the internal space is endowed with h µν (x), an arbitrary metric of coordinates x µ , µ = 0, 1, 2, 3. We will be imposing that the internal space H and transverse space are locally orthogonal to each other. This is an additional hypothesis with respect to ordinary GR, since h µν is not necessarily a homogeneous metric and because our six-dimensional space is not necessarily an Einstein space (in GR such an orthogonal foliation is possible for an Einstein metric [24] ). At a loss of a better name we will call this a warped metric Ansatz. Finally, guided by the analogous procedure of analyzing Birkhoff's theorem [20] , [17] , we write the metric as
Lowercase greek indices correspond to internal coordinates of the 4-space H. The above metric (2.7) encompasses all the above requirements and fixes the symmetries of our spacetime. We then switch the coordinates of the transverse 2-space to light-cone coordinates,
in terms of which the metric reads,
In fact for future reference let us double Wick rotate time coordinate t = iθ and (admitting it possible) one of the x µ coordinates into a timelike coordinate,
where it is implicitely understood that h µν is now of lorentzian signature. Solutions to the above metric Anzatz can describe, for certain initial conditions, codimension-2 warped black string metrics [23] or warped Kaluza-Klein spaces, where the warp factor is precisely B(θ, z) 1/2 . Furthermore using complex conjugate coordinates we can go to the analogue (u =
) frame above (2.9). Loosely speaking the field equations adjucent to the latter (2.10) is the elliptic version of the former hyperbolic problem in (2.7). Here, we will give the resolution for the time dependent hyperbolic problem but it is understood that resolution of the elliptic problem follows identically modulo differing boundary conditions [30] . Example solutions of both metrics (2.7), (2.10) will be considered.
Using the above prescription (2.9), we now write down the uu and vv left hand side of (2.3)
11)
As we shall see the factorisable form of these equations is capital for the integrability of the problem and the obtention of exact solutions. In the absence of matter fields it was shown [27] that three and only three classes of solutions were possible upon choosing B constant, or eliminating one of the two factors in (2.11) or (2.12). Our second working hypothesis here will be to preserve E uu = 0 and E vv = 0 even when matter-sources are present. For the electromagnetic field p = 2, this is quite natural and a version of Birkhoff's theorem can be obtained. What however happens for a generic p-form? In other words if we impose T uu = 0 and T vv = 0 for (2.9) do we obtain a non-trivial yet reasonable and workable hypothesis?
From (2.4) taking T uu = 0 gives,
Since h ρσ is a riemannian metric we obtain
In particular, for free scalar field, p = 1, this notation means for example that
In other words, we must consider a scalar field, A = φ, which depends only on the internal coordinates x µ . This is not surprising given that Birkhoff's theorem breaks down in GR in the case of scalar fields, [31] . We will see however that even in this restricted case interesting possibilities do arise. Now going further for arbitrary p, if we use (2.6) and the fact that F is closed, then F σ 1 ...σp is only function of x µ and verifies,
with respect to the 4 dimensional metric h ρσ . Furthermore, if p ≥ 2 we can define a new tensor,
which again depends only on the internal coordinates x µ and verifies
where
In the language of differential forms we get the following result:
Given the integrability conditions (2.11,2.12) and metric (2.9) there exists F (4) ∈ Λ p (H) and J (4) ∈ Λ p−2 (H) both closed and co-closed with
J (4) and F (4) are what we shall call the electric and magnetic part of F respectively. In the electromagnetic case where p = 2, J (4) is just a constant function whereas for scalars J (4) ≡ 0. In other words our hypotheses, implementing metric (2.7) and integrability conditions (2.11-2.12), give a reduction of the bulk p-forms which are now living on the 4 space H. We can now move on to the remaining field equations.
The uv left hand side of (2.3) reads 
..ρp are purely 4-dimensional scalars. We also have the µν equations, for which the left hand side of (2.3) can be brought into the form
while
where we have defined
µν andĜ (4) appear in the field equations and will characterise the geometry of H. Finally, the (uρ) equation of (2.3) gives no information since it is straightforward to check that T uρ = 0.
Before attacking the equations of motion let us reiterate a duality symmetry that will permit us to work with 1,2, or 3-forms in D = 6. Consider the following map,
This map takes p to 6 − p forms where ⋆ (4) is the Hodge star operator defined on H. When we apply ∼ to the equations of motion, we find the same equations of motion for the tilded quantities. Hence any solution in the presence of p-forms is automatically transformed into a solution for 6 − p forms. To sketch how this comes about, let us begin with the equation of motion for the p-form
Then, it is similar to iterate this result forF (4) applying ∼ to J (4) . J (4) and F (4) are simply interchanged as in the simple EM duality in 4 dimensions. It is straightforward to check that T uv transforms into,
where we have used the fact that h µν is a riemannian metric and
is the volume form on (H, h). Finally we study the transformation of T µν under ∼ using (2.22). In particular,
Then, the following identity 3
permits to show that T µν turns intoT µν . In this manner the study of 4 or 5-forms falls into the case of 2 and 1-forms respectively.
Solutions and staticity
The integrability conditions (2.11) and (2.12) lead to three different classes of solutions, depending on whether the first or the second factor is zero while an additional class emerges for constant B in (2.9). The corresponding solutions have distinct characteristics and are thus treated separately in what follows. Class I and II are both warped solutions whereas for Class III we have B = cst. Class I solutions are only present in Lovelock theory whereas Class II and III are also present in GR theory. Class II solutions in particular give the GR black hole solutions whereas class III contain flat space and unwarped metrics.
Class I
Setting the second factor of the equations (2.11) and (2.12) equal to zero leads to the common equation
from which we can solve for the function ν(u, v) in terms of B(u, v), according to
Note that this equation constrains the Ricci scalar R (4) of the internal space to be a constant. We are thus required to consider only horizon geometries of a constant scalar curvature as candidate solutions. Substituting the above expression for ν(u, v) into (2.19) yields the constraint
Then, taking the trace of (2.21) and performing the same substitution we end up with the equation
In the case p = 1 and p = 3, it can be shown that since B is not a constant and h µν is a riemannian metric, F (4) = 0 = J (4) and we get the Born-Infeld limit 5 + 12αΛ = 0. Furthermore, (3.3) gives the geometrical conditionĜ (4) = 1 6 R (4) 2 and we go back to the pure gravitational case of [27] . So, we conclude that it is impossible to add a free scalar field or a 3-form in the theory for this class of solutions.
Hence we restrict our attention to the case p = 2 (and by duality p = 4) by analysing the (µν) equations of (2.3). For that, we rewrite (2.21) in terms of the trace as
where E = g µν E µν . Actually, E = 0 since the internal part of the stress-energy-momentum tensor is traceless for p = 2 and p = 4. Therefore, the (µν) equation boils down to a nice factorisable form,
. (3.6)
Given the above equation, we have 3 branches of solutions for Class I. For all of them, ν(u, v) is given by (3.2), R (4) is a constant, we are fine-tuned at the Born-Infeld limit and we have a scalar geometric condition,
and hence no electric charge is possible for Class I. The Born-Infeld condition, 5 + 12αΛ = 0 corresponds to a very particular limit in Lovelock theory where the higher order Gauss-Bonnet term is most strongly coupled in comparison to the Einstein-Hilbert term (2.1). This can be explicitely seen by the vacua of Lovelock theory,
Note that at the Born-Infeld limit the square root vanishes and the two branches merge into one. The branch with no GR limit (upper + sign) is unstable as long as we are away from the Born Infeld limit where strong coupling occurs. Indeed, at this limit gravitational perturbations around the vacuum are strongly coupled [32] and hence stability is unclear 4 . Furthermore, for α > 0 and Λ < 0 we have α ∈ [0, − 12Λ 5 ] and hence α attains its maximal value at this limit and we are furthest away from GR. In [17] it was shown that degenerate solutions occured for Class I metrics. This is in agreement with the perturbative strong coupling. It is now interesting to see the outcome of these effects in the presence of matter where we can expect to see this degeneracy, partially at least, lifted. There turn out to be 3 possibilities,
• Class Ia: we have that H is an Einstein space R (4) µν = 1 4 R (4) h µν hence T µν = 0. This condition does not mean that there is no magnetic field present as we will see in the example section. Here, there is no condition on the function B(u, v). This set of solutions is therefore the degenerate class of [17] .
• Class Ib: Again T µν = 0 with the second factor of the left-hand-side of (3.6) being zero.
From (3.2), we get a third order partial differential equation for B(u, v) which reads
This equation completely fixes the metric and our solution is no longer degenerate. Note that by continuity we can attain from Class Ib, Class Ia and therefore impose (3.10).
• Class Ic: There exists a constant λ = 0 such that
with B solution of the PDE,
Equation (3.12) is just (3.10) with the extra matter term. One can find the static solutions by setting B u = −B v whereupon (3.10) becomes a second order ODE with respect to B ′ . Making then r = B 1/4 our radial coordinate we can write the metric as,
In particular for λ = 0, the solution reads,
4 Even instanton bounces from one branch to another are very strongly suppresed [32] where C 1 , C 2 are integration constants. In the examples section we will construct magnetic solutions to Class I spacetimes by considering distortions of H = S 2 × S 2 . In this case we do not have a local staticity theorem and this is well known [17] .
Class II

Local staticity
Class-II solutions are obtained by setting (2.11-2.12),
These integrability conditions are the same as in the case of ordinary GR [20] . We assume that B is not constant. Equation (3.15) implies that
for arbitrary functions f and g, which, in turn, yields B = B(U + V ) after the coordinate transformations
Thus, the metric becomes
Perform the following coordinate transformations
and set 20) upon which the metric turns into
Class II spacetimes are therefore locally static since ∂ t is a timelike Killing vector as long as V > 0. The (uu) and (vv) equations determine the staticity of the metric, as well as the relation between B and ν. This is true here even in the presence of matter as long as T uu = T vv = 0. We now solve the remaining field equations and characterise the matter fields for each case in detail.
General equations for all p
We can now determine B from the (uv)-equation (2.19),
where a prime denotes differentiation with respect toz. We can integrate the above equation with respect toz, thus there exists a function h, which depends only on the internal coordinates x µ , such that
Since B = B(z), (3.23) generically imposes constraints on the horizon geometry H. Furthermore, (3.23) will manifestly lead us to a quadratic equation for B ′ thus determining the potential V from (3.20) . However, let us first check the (µν)-equations in order to get the full picture. Using (3.5), we obtain after some algebra
and T (4) F (4) = h ρσ T ρσ F (4) (idem for J (4) ). The right hand side matter tensors are given by
(3.26) and are traceless as is the LHS where we have the Einstein spacetime condition. The trace part of these equations is in fact part of the Bianchi identities and as such, can be obtained from (3.23) . Any solution of (3.23), (3.24) and the matter field equations (2.15), (2.17) will be a solution to the ensemble of field equations for all p-forms. We now look specifically at each case, p = 1, 2, 3 since cases p = 4, 5, 6 are deduced by the duality ∼.
The free scalar field
Here, we have J (4) = 0 and F (4) = ∂ µ φ dx µ , where φ is a scalar field depending only on the internal coordinates x µ as dictated by (2.11) and (2.12). Equation (3.23) implies that h(x µ ) = m is a constant and we have a quadratic equation for B ′
(3.27) Thus,
Since V = V (r), every power of r will have, apart from special cases, a constant coefficient. As such the contribution due to the scalar, F (4) 2 = ∂ µ φ∂ µ φ is generically a constant. But that is not all. We can write (3.24) in a factorisable form,
in which the separable nature is clearly manifest. Note that the α dependent terms give now an extra constraint for the metric potential V which we have already determined in (3.28). Note furthermore that the H dependent terms are trace free operators of the 4-dimensional metric. Clearly then, the situation is going to be far more constrained that in GR where α = 0. We have two possibilities:
The constant λ is positive from (3.30) since the bulk coupling κ/λ is required positive. Integrate (3.31) and compare with (3.28). We then find,
where ρ is constant and the additional constraint on H
where λ is also fixed,
Using the scalar constraint above and the trace-free part (3.30) we can combine the lot to get an effective 4-dimensional Einstein equation with matter,
where T
µν (F (4) ) is the usual 4-dimensional energy-momentum tensor for a scalar field. There are two noteworthy effects here: the scalar field has a net effect of giving a 4-dimensional effective cosmological constant of space H given by 3ρ. The contribution to the 4-dimensional cosmological constant is enhanced as we approach the Born-Infeld limit where λ → 0. In fact the scalar field permits to move away from the Born-Infeld limit. Again that is not all. Note that we have also a second order effect in curvature, relating the squared trace of matter with squares of curvature (3.33) . Using the geometric identity
, where C (4) 2 stands for the square of the Weyl tensor of H, (see for example [33] ) and (3.30) we can show that the second order constraint reads,
Matter, unlike in GR, is related to the conformal Weyl tensor. We see that on the one hand the internal space H has to be solution of Einstein's equations in 4-dimensions (3.35) but with a conformal dressing given by (3.36) . This is rather restrictive. For example, take any conformally flat 4-dimensional background with scalar matter. Although an infinity of those can solve (3.35) all are excluded in the presence of a free scalar field. If we allow for a non-trivial Weyl tensor we can construct certain solutions as we will see in the example section.
• If on the other hand F µ F ν − 1 4 h µν F (4) 2 = 0, then we will now show that F (4) = 0 and there can be no solutions involving a single scalar field. Indeed, we have
Moreover, any mixed product is zero for example, F ρ 1 F ρ 2 = 0. Hence, we have two possibilities:
-F ρ 1 = 0. Then (3.37) implies that F (4) 2 = 0, thus F (4) = 0 since h µν is a riemannian metric.
-Otherwise if F ρ 2 = 0 we arrive at the same conclusion with the same reasoning.
We will show in the example section that taking 4 scalar fields can circumvent this no-go result.
The electromagnetic interaction
In this case, J (4) is a constant function corresponding to the electric charge and we have the usual Coulomb electric field strength for 6-dimensional spacetime, F rt = J (4) /r 4 . The (uv) equation implies the quadratic equation, where
with W a constant. Note how the magnetic and electric field couple differently with the radial coordinate. In fact, the magnetic field changes the falloff behaviour of the solution as r → +∞ in particular for Λ = 0. In order to have the same falloff as in asymptotically flat spaces one has to fine-tune the coupling constant α. so that W = 0. Again, generically all coefficients of powers of r, are constant functions, except for particular cases that will be uncovered by examining (3.24),
Note that no condition is induced here for the electric part J (4) . We have all in all three possible cases. Firstly if h ρσ F µρ F νσ − 1 4 h µν F (4) 2 = 0 then there exists a constant λ such that,
Integrate (3.43) to find the following potential,
where p and q are constants. Comparing with (3.39) gives obviously λ = 0. Therefore we are led to the second possibility whereupon we demand that the traceless part of the magnetic field is precisely zero, h ρσ F µρ F νσ − 1 4 h µν F (4) 2 = 0 with the magnetic charge F (4) = 0. Then
Annihilating the first factor we have an Einstein space for H, R
µν = 1 4 R (4) h µν with a dyonic black hole potential (3.39). This case gives magnetic black hole solutions and has been recently discussed under the condition that H is Einstein in [34] . The authors there also considered higher order corrections to the magnetic field and we refer the reader for details on this solution. Secondly, H is not necessarily an Einstein space but V (r) = Therefore H now verifies only a scalar constraint which is not too surprising given that we are at the Born-Infeld limit. Note that by combining the above with a scalar field (p = 1) we can again move away from the Born-Infeld relation. Last possibility is to keep only an electric component, J (4) with zero magnetic charge F (4) = 0. Then any Einstein space is a valid 4-dimensional metric with black hole potential,
as long asĜ (4) is constant. For example S 2 × S 2 or Bergman space are permissible horizon geometries.
3-form matter
The (uv) equation gives,
Note the self-dual character of the 3-form charges which now couple to the same power of the radial coordinate. On the other hand (3.24) gives
(3.49)
Note that the 3-form "electric" charge J (4) is a vector with respect to H whereas the "magnetic" part is again a 3-form with respect to H. If the RHS matter sector is non-zero then there exists constant λ = 0 such that
Thus, we can again easily integrate (3.51) and find the following potential
where p and q are constants. Then comparing with (3.48) we are led to λ = 0! The only other possibility is to have
h µν J (4) 2 without switching off the 3-form charges. This turns out to be very restrictive for F (4) and J (4) as for the scalar field case. To see this, we introduce (4) . In other words the three form charges correspond to 4-dimensional scalar potentials for H. This takes us back to case p = 1 with now two scalar fields. We find,
Then we have the following relation
After that, it is not difficult to show that, if µ = ν then
We can either have K µ K µ + J µ J µ = 0 which implies J (4) 2 + K (4) 2 = 0, hence F (4) = 0 and J (4) = 0. Or, ∀µ = ν we have, K µ K µ = J ν J ν which implies
(3.54) shows that we find the same result as in the p = 1 case, which permits us to conclude that F (4) = 0 and J (4) = 0. We have shown that it is impossible to add a single non-trivial 3-form in class-II. In a recent paper [35] , it was shown that static black holes in n-dimensional asymptotically flat spacetime cannot support a non-trivial electric p-form field strengths when (n + 1)/2 ≤ p ≤ n − 1 in Einstein theory. Our result confirms their result for Lovelock theory and shows that-at least for the hypothesis set in our paper-we can go beyond the lower bound of [35] . We will however see in the example section that allowing for another 3-form field can actually give a static solution.
Class III
The last class of solutions is given for B constant, set B=β 4 = 0. The metric (2.9) is no longer warped in the internal directions. The field equations (2.19) and (2.21) reduce to
where the trace of E µν = κT µν gives
. (3.59)
The form of (3.58) dictates that in the presence of matter there exists a seperability constant λ = 0 such that
From (3.61) we see that when α = 0 and λ = 1, the function ν obeys a Liouville equation
8αβ 3 e 2ν . The latter yields e 2ν = 2 for arbitrary functions U = U (u) and
. Now we can perform the change of coordinates (z = U + V, t = V − U ) and we obtain,
The curvature of the 2-dimensional spacetime in the (t − z)-sections is of constant curvature related to λ and α. If on the other hand λ = 1, ν uv = 0, then ν = f (u) + g(v) for some functions f and g. Then, we perform the coordinate transformations U = − u 0 e 2f (x) dx and V = v 0 e 2g(x) dx. Finally, the same change of coordinates as before (U, V ) → (z, t) gives
Therefore Class III solutions are also locally static. Metric (3.63) also coincides with the flat GR solution for α = 0. In fact taking α = 0 leads us directly to λ = 1. We recognise in the Wick rotated form of (3.63) a Kaluza-Klein metric with 2 extra flat dimensions (2.10). In this sense this class of solutions presents more interest in its Wick rotated form (2.10).
As for the h µν (x) metric on the 4-dimensional space H it has to obey an Einstein equation namely,
with the geometrical constraint (3.57). Note that the induced cosmological constant on the 4 dimensional space H depends on the bulk cosmological constant Λ but also on λ and β. Let us examine now the particular cases for each p-form matter source.
The free scalar field
We take λ = 0. Rather than taking a free scalar field here the constant character of B permits us to consider also an arbitrary potential V (φ) for the scalar field. Indeed take,
Given the integrability conditions (2.11-2.12) the energy-momentum tensor is effectively 4 dimensional since φ = φ(x µ ). We then have a four dimensional Einstein equation (3.64) with the relevant T µν F (4) for the scalar field. The trace is given by,
and (3.57) giving the extra constraint,
Given that these spaces have a Kaluza-Klein description in the example section we will examine a cosmological setting. In other words we will consider that H is a spacetime admitting a lorentzian signature metric.
The electromagnetic interaction
This case presents particular interest. For a start (3.64) reduces to,
which reads as a 4-dimensional Einstein equation in the presence of a 4-dimensional tensor field strength F (4) with an effective cosmological constant which actually includes the 6 dimensional electric charge. Furthermore, if h µν is lorentzian the tensor F (4) can be interpreted as an effective 4-dimensional electromagnetic tensor. (3.57) implies an additional constraint.
.
(3.69)
This last condition implies for example the following: Take H to be lorentzian signature and consider spherically symmetric solutions of 4-dimensional GR with electromagnetic field F (4) . The only solution is that of Reissner-Nordstrom (with cosmological constant). As such we could construct in GR black string metrics. Here however this solution is disallowed due to the additional scalar constraint (3.69) which is incompatible with the Reissner-Nordstrom metrics. There is however one way out of this. Unlike the case of p = 1, here, we can switch off the Einstein condition by putting λ = 0 without necessarily setting the 6-dimensional EM tensor to zero. Then the Einstein equation above reduces to its trace,
where the constant charge J (4) 2 permits to avoid fine tuning of α and Λ. The only dynamical equation is the scalar equation (3.69). We will study an example of a black string in the example section for λ = 0.
3-form matter
We consider λ = 0 as for p = 1 in order to have a non trivial 3-form energy momentum tensor. For 3-forms we have the relevant Einstein equation (3.64) whose trace is now given by,
Additionally we have the constraint,
(3.72)
Example solutions
In this section we will construct some example solutions of the 3 classes of spacetimes.
Including a magnetic field in class I and II
Magnetic solutions for p = 2 can be constructed quite generically by considering H = S 2 × S 2 . The idea is to associate a constant magnetic component supporting each 2-sphere. Let us stick to Class I for definiteness but similar ideas can be applied to other classes (see in particular the magnetic black holes discussed recently in [34] ). The 4-dimensional metric of H = S 2 × S 2 can be written as,
where ρ 1 , ρ 2 are the curvature radii of the 2 spheres. We can remark that,
whereas the magnetic field reads,
Taking ρ 1 = ρ 2 and Q 1 = Q 2 gives that H is precicely an Einstein space and that T µν F (4) = 0 as required by (3.6) . This is then a Class Ia solution where the B function is an arbitrary function. Otherwise H is not an Einstein space but resolves the Class Ic equations (3.11) with the geometrical constraint (3.7) once we set,
What is interesting to note here is that once H is not an Einstein space then B is no longer arbitrary, it has to solve (3.12). The fact that B is undetermined is a characteristic of Class Ia solutions in the vacuum [17] and hence this class of solutions is degenerate. However, as we see here the addition of matter breaks this degeneracy in a non-perturbative way. In other words even the slightest of difference in the curvature radii ρ 1 , ρ 2 , yields a non trivial change in the spacetime metric. This is typical of strong coupling. This indicates that the degenerate Class Ia solutions are a priori non-physical, the only physical ones being those which are a continuous limit of matter solutions Class Ic and Class Ib. In this way combining solutions of (3.12) and Einstein-spaces S 2 × S 2 we can obtain Class I solutions. Matter solutions can be obtained but for illustrative purposes here let us simply take H = T 4 where R (4) = 0 andĜ (4) = 0. Taking a static Anzatz for (3.11) we obtain the solution,
Despite appearences, r 3 h = µ is a curvature singularity if µ = 0. The solution is asymptotically adS. If we take αR (4) < 0 horizons can be constructed for λ = 0. Note that the static solutions of Class I and Class II do not agree. The vacuum solutions are however the same.
Solution in class II in the presence of a scalar field
Consider class II with a single free scalar field. Moreover let us assume in (3.32) that the 4-dimensional scalar curvature ρ = 0 to simplify. Hence the 6-dimensional potential is given by V (r) = 1−λ 12α r 2 whereas the Einstein equation for the internal space H becomes R (4) µν = κ λ ∂ µ φ∂ ν φ where φ is harmonic on H. We want to examine static spherically metrics whose Lorentzian version are given in [36] ,
with the scalar field
In particular, we have the Schwarzschild solution for χ = 0 (whereas χ = π/3 is conformally related to the BBMB solution [37] [38] [39] ). Here we have the additional scalar constraint
2 which is only satisfied for χ = π/2:
This solution is singular when R tends to 2η + since R (4) = 2η 2 (2η−R) 2 R 2 . In fact point χ = π/2 is when we are furthest away from the GR black hole.
Black hole solution with two 3-forms on the 4-torus
As we saw, for Class II metrics, we cannot have a static black hole solution sourced by a 3-form. However, given that H is four dimensional take rather two 3-forms in the theory:
. (4.11)
Applying the same method as before we find that the 3-forms must imperatively satisfy the following matter condition,
Effectively each three-form boils down to 2 free scalar field potentials. This can be seen by introducing, for each i = 1, 2, K (4)
It is now clear that the simplest of Einstein spaces, H = T 4 = S 1 × S 1 × S 1 × S 1 is a valid horizon geometry satisfying (4.13). Indeed if (x, y, z, w) are the coordinates on T 4 , we can choose
or equivalently
in order to verify (4.13) with the arbitrary charge Q being a constant. In fact each of the four 3-form components is switched on in a different direction of H. As such the whole configuration on H remains homogeneous. At the end we have a black hole solution which supports two non-trivial 3-forms with the metric:
This black hole solution is asymptotically locally adS and has a GR limit. In the Einstein limit, α → 0, the potential reads V (r) = − r 4 where we chose the minus sign in the solution since the plus sign is unstable [32] . This is to our knowledge the first static black hole solution involving 3-forms in GR or Lovelock theory. The solution has similar structure to the 6 dimensional version of the Reissner-Nordstrom planar black hole solution. It presents particular interest and we will come back to it in a future study.
Black hole solution with four free scalar fields on the 4-torus
In complete analogy with the 3-form example given above, we can construct a static solution with four free scalar fields of the action:
Taking H to be Euclidean space the 6-dimensional solution reads, 4.20) and
where the scalar charge λ is a constant. It is interesting to take the Einstein limit whereupon we find,
Again we will come back to this solution in a further publication but note that compactification of H may lead to distributional singularities for the scalars. Also although the horizon space is flat the geometry is that of a hyperbolic black hole. Lastly, we can easily upgrade the solution involving both scalars and 3-forms with the potential,
General solution in class II with all p-forms
As a final example we can consider the generic case involving a scalar field, an electromagnetic interaction and a 3-form given by the action
(4.24) The point we would like to make here is that combination of matter forms can lead to a more generic potential V . This comes about as follows: as we saw for Class II solutions we can initially express the potential V from the (uv) equation (3.23) . Indeed defining p, q and t such that
H 2 = t and we have,
where m is a constant. This is just a necessary condition for V . Using on the other hand the (µν) equations (3.24) we have a condition for the traceless part of the metric tensor on H,
where in turn, T φµν ,T F µν ,T Hµν are given by (2.23) with p = 1, 2, 3 respectively, T Jµν by (2.24) with p = 3 and S (4)
Here we have denoted byT φµν the traceless part of T φµν and so forth. Then, after two successive integrations with respect to r, there exists two traceless symmetric tensors X µν and Y µν such that
Now we need to compare (4.25) and (4.27). Assuming α < 0, ce > 0 we can summarize the conditions for a full solution such that S (4) µν = 0 as follows:
Moreover each p-form has to solve its proper equations of motion. The value of a is actually determined by the trace of the Einstein equation in the box,
(4.28)
Black string in Class III
Consider an electric charge J (4) emanating from an EM tensor, of p = 2 in Class III with zero magnetic field F (4) = 0. Take separability constant λ = 0 in (3.61) and β = 1. If we double Wick rotate the 6-dimensional metric (2.10) we have a Kaluza-Klein spacetime with two extra curved directions (3.62). Therefore the internal space H is a Lorentzian 4-dimensional spacetime. Consider a simple Anzatz of a spherically symmetric spacetime so that the metric on H can be written,
From (3.70) we obtain a simple relation inbetween α, Λ and J (4) . All we have to solve is (3.69) which gives,
This solution reduces to the one discussed recently by [40] , [41] when we set 4αΛ = −1, in other words here, with the inclusion of the EM tensor charge, we avoid-at least one-fine tuning. However, do note that once λ = 0 we have to solve the reduced Einstein equation (3.68) which is incompatible with the scalar constraint. Furthermore, if we input in H the most general spherically symmetric Anzatz we will have a solution with one undetermined metric function for λ = 0. The problem here originates in the fact that a scalar metric equation does not possess gauge degrees of freedom. Nevertheless, on the positive side the solution does have an intriguing property. Taking the small α limit and setting κJ 2 = 1 4α we obtain a solution which approximates the 4-dimensional Reissner-Nordstrom solution in ordinary GR.
EGB cosmology in class III
Consider now a scalar field (p = 1) with some potential term V (φ) in a Kaluza-Klein double Wick rotated metric (2.10) for β = 1 and Class III. Here we want to study a cosmological 4 dimensional spacetime H with some perfect fluid source originating from the scalar field. Hence we begin with,
where field equations are
with the stress-energy-momentum tensor
and we have the Klein-Gordon equation φ = V ′ (φ). We will consider the case λ = 1 where the transverse space is flat 5 and we have a Kaluza-Klein cosmology with 2 extra dimensions. Thus the metric is given by (3.63), and we have a 4-dimensional Einstein equation
with the additional constraint αĜ (4) + 2 [Λ + κV (φ)] = 0 originating from (3.67). Clearly we can input the cosmological constant in the potential but to keep up with previous notation we leave as is. We can rewrite the field equation under a form where the dependence with Λ and the potential is dropped:
Here we see that the potential term is replaced by the 4-dimensional Gauss-Bonnet scalar. Now an LFRW-type ansatz gives for H It is interesting to treat the scalar derivative as our source while combining (4.37) and (4.38) . In this way we obtain the modified Friedmann equation which has two branches and is given by, 
Conclusions
In this study we considered gravitational solutions of Lovelock theory in 6 dimensions involving p-form matter sources (2.1). Our hypotheses included a quite generic metric Anzatz (2.9) involving an arbitrary four dimensional space H, internal metric and time and space dependent warp factors (or again (2.10)). Our principal assumption involved the matter sector where we imposed the validity of two conditions (2.11), (2.12) that had given in a previous study, [27] , the general solution in the absence of sources. For the hypotheses above, we again demonstrated the integrability of the gravitational problem in the sense that all solutions can be completely classified in 3 classes with explicit and very restrictive conditions on the internal metric of H. In fact, the situation is far more stringent than in the analogue GR analysis where any Einstein metric on H can give rise to 6-dimensional solutions. We saw that Class I solutions are degenerate and involve the strongly coupled Born-Infeld limit of the theory. Degenerate, for in some cases metric functions are indetermined due to the absence of field equations in this particular limit [17] , [32] . We found that reduction of symmetry however, allows for even this class to have fixed non-degenerate solutions. One is tempted to actually take only these into account and discard all other degenerate solutions in this class. Class II solutions are shown to be verifying a local staticity theorem, even in the presence of sources, and involve black hole metrics under certain conditions. The solutions here include known static solutions of this theory such as those of Boulware and Deser [21] , Cai [22] , [42] and those found more recently in [26] , [27] , [34] . More importantly we have in fact shown that if we restrict solutions to only those which are asymptotically flat, then, only the Boulware-Deser [21] black hole is an allowed solution to which one can include also electric charge. An exception to this rule is permitted by including a magnetic field and fine tuning the Gauss-Bonnet coupling constant α so that W = 0 in (3.40). Apart from this case involving fine-tuning the situation is in very close accord with the 4-dimensional GR version of Birkhoff's theorem. Note, that this is not true in higher dimensional GR where Einstein spaces are permissible as horizon metrics. This fact seems to agree with our intuition that the classical higher dimensional version of GR is in fact Lovelock theory and the degeneracy appearing in the horizon metrics is due to the fact that we do not take into account the full 2nd order field equations. Class III solutions also verify a local staticity theorem and are codimension-2 (unwarped) Kaluza-Klein compactifications of H. The solutions we have encountered involve as limits some known solutions of Lovelock theory such as those found previously by [40, 41] . We see that such solutions are again degenerate although there is less fine tuning involved once we allow for the presence of matter fields.
We then went on to find specific example solutions within these classes in order to get an overall picture of some of their properties. We saw that in Class I novel geometries can be constructed which are not degenerate. For Class II the very stringent requirements on H led us to find scalar and 3-form static solutions which can describe, black hole spacetimes. These solutions are new to 6-dimensional GR and are to our knowledge the first example of static black hole solutions involving 3-form fields. They are asymptotically locally adS and their black hole horizon is flat. We also found in Class III a static 6-dimensional black string metric and 6-dimensional Kaluza-Klein cosmology with a time dependent scalar field. We found that what is percieved as a certain p-form matter in higher dimensions may have a completely different interpretation in four dimensions. For example, we saw that the Coulomb electric charge played the role of an effective cosmological constant whereas the scalar field could result in modifying the horizon curvature term in a black hole potential. Certain solutions we have touched upon here certainly ask for further investigation which we hope to report on in the near future.
